A vertex-cut X is said to be a restricted cut of a graph G if it is a vertex-cut such that no vertex u in G has all its neighbors in X. Clearly, each connected component of G − X must have at least two vertices. The restricted connectivity κ (G) of a connected graph G is defined as the minimum cardinality of a restricted cut. Additionally, if the deletion of a minimum restricted cut isolates one edge, then the graph is said to be super restricted connected. In this paper, several sufficient conditions yielding super restricted connected graphs are given in terms of the girth and the diameter. The corresponding problem for super edge restricted connected graph is also studied.
Introduction
Throughout this paper, only undirected simple graphs without loops or multiple edges are considered. Let G = (V, E) be a graph with vertex set V = V (G) and edge set E = E(G). Unless stated otherwise, we follow [7] for terminology and definitions.
A vertex-cut (respectively, edge-cut) of a graph is a set of vertices (respectively, edges), whose removal disconnects the graph. The vertex-connectivity of a graph is the minimum number of nodes, denoted by κ(G), whose deletion from a graph disconnects it. Similarly, the edgeconnectivity denoted by λ(G) is the minimum number of edges whose deletion disconnects the graph. A well-known result relating the connectivities to the minimum degree δ(G) states
κ(G) ≤ λ(G) ≤ δ(G).
Let X be a vertex-cut or edge-cut. The notions of vertex-connectivity κ(G) and edgeconnectivity λ(G) can be naturally generalized by imposing conditions on the components of G − X and/or on the set X, see [11] . For example, Fàbrega and Fiol [9, 10] introduced a concept called trivial cutset. A vertex-cut X of G is called trivial if X contains all the neighborhood of some u ∈ X. In other words, nontrivial cuts must belong to the family
Then a new index of connectivity is defined as κ 1 = κ 1 (G) = min{|X| : X is a nontrivial cut}.
A nontrivial cut X is called a κ 1 -cut if |X| = κ 1 . Similarly, an edge-cut X is said to be a trivial edge-cut if X contains all the edges incident with some vertex. The index of edgeconnectivity λ 1 = λ 1 (G) and a λ 1 -cut are defined analogously. Notice that if G has κ(G) < δ(G) then κ 1 (G) = κ(G), and if κ 1 (G) > δ(G) then the graph has κ(G) = δ(G) and all the vertex-cuts of cardinality δ(G) are trivial, i.e., the graph is superconnected. The concept of superconnected graph, for short super-κ, was introduced by Boesch [5] , Boesch and Tindell [6] and for the directed case by Fiol, Fàbrega and Escudero [10] . Since κ 1 (G) > δ(G) is a sufficient and necessary condition for G to be superconnected, the index κ 1 (G) is called superconnectivity of G and analogously λ 1 (G) is said to be the edge-superconnectivity of G.
Esfahanian and Hakimi in [8] introduced the restricted connectivity by imposing conditions on the set X. More precisely, a restricted cut X is a vertex-cut that belongs to the family of subsets of vertices
Provided that a restricted cut exists, the restricted connectivity is κ = κ (G) = min{|X| : X is a restricted cut}. A restricted cut X is called a κ -cut if |X| = κ . A restricted edge-cut, the restricted edge-connectivity λ = λ (G) and a λ -cut are defined analogously. A connected graph G is called λ -connected if λ (G) exists. Esfahanian and Hakimi [8] showed that each connected graph G of order at least 4 except a star is λ -connected and satisfies
From definitions it is clear that λ 1 (G) = λ (G). For vertex-cut the situation is different. When some restricted cut exists, it is clear that κ 1 (G) ≤ κ (G), since any restricted cut X is certainly a nontrivial cut. The converse, however, is not always true. In [8] there is an example in which κ 1 (G) = 3 = ξ(G) + 1 and κ (G) does not exist. Moreover, κ 1 (G) does not exist for some graphs; this is the case for the complete bipartite graph K n,m with n, m ≥ 2. We say that a connected graph G is κ -connected if κ (G) exists, and κ 1 -connected if κ 1 (G) exists. In this paper we will restrict ourselves on graphs G for which the inequalities κ 1 
Regarding λ -optimality, it has been studied by several authors, see [4] and recent papers [12] - [24] . Sufficient conditions to guarantee lower bounds on κ 1 can be found in [1, 9, 10] . Some results on κ can be found in [2, 22] , but in general, not much is known. Next, in Theorem A we shall summarize some recent sufficient conditions involving the diameter and the girth for a graph to have
. Before doing that, we introduce some terminology and notation. Theorem A (i) [19] 
(ii) [12] 
(iv) [4] Let G be a λ -connected graph with minimum degree δ ≥ 2 and girth g.
(v) [3] Let G be a λ -connected graph with minimum degree δ ≥ 2, even girth g and diameter
(vi) [4] Let G be a λ -connected graph with minimum degree δ ≥ 2, odd girth g and diameter
(vii) [2] Let G be a graph with girth g, minimum degree δ and minimum edge degree ξ(G).
whenever either g ≥ 6 and δ ≥ 2, or g ≥ 5 and δ ≥ 3.
(vii) [2] Let G be a κ 1 -connected graph with minimum degree δ ≥ 2, girth g and minimum edge degree ξ(G).
In Section 2 we present our results and we provide the details of the proofs in Section 3.
Results
In [2] the following proposition is proved.
Next we study how far away an edge of a connected graph can be from any vertex-cut with cardinality less than or equal to ξ(G) for graphs of minimum degree at least three.
Proposition 2.2 Let G = (V, E) be a connected graph with girth g, minimum degree δ ≥ 3 and minimum edge degree ξ(G). Let X ⊂ V be a vertex-cut with cardinality |X| ≤ ξ(G) and C any connected component of G − X with |V (C)| ≥ 2. Then the following assertions hold: (i) There exists an edge uv in
A λ -connected graph G is said to be super-λ if G is λ -optimal and every restricted edge-cut isolates an edge, see [14, 20] . And a κ 1 -connected graph is said to be super-κ if κ 1 (G) = κ (G) = ξ(G) and every restricted cut isolates an edge. The purpose of this paper is to study diameter sufficient conditions similar to those of Theorem A in order to guarantee that a λ -connected graph is super-λ or a κ -connected graph is super-κ . More precisely we prove the following theorem as a consequence of Proposition 2.2.
Theorem 2.1 Let G be a graph with girth g and minimum degree δ ≥ 3. The following assertions hold:
The last two items of the above theorem are given in terms of the diameter of the line graph L(G). Recall that in the line graph L(G) of a graph G, each vertex represents an edge of G, and two vertices in a line graph are adjacent if and only if the corresponding edges of G are adjacent. Let us consider the edges x 1 y 1 , x 2 y 2 ∈ E(G). It is well known that the distance between the corresponding vertices of L(G) satisfies
which is useful to prove that 
Proofs
The following convention will be used henceforth. Let G = (V, E) be a graph and let X be a nonempty subset of V . Let us consider an edge uv ∈ E(G[V \ X]) and let us introduce the sets
Clearly, 
Then there is a cycle going through {z 1 , u 1 , z 2 , x} of length at most 2µ ≤ 2 (g − 3)/2 ≤ g − 3 which is impossible. Reasoning with the same idea, since 2µ + 2 ≤ g − 1, it is clear that
Thus, the above inequalities become equalities, yielding
and
From(4) it follows that if |X + (u 1 )| > 0, then every vertex y ∈ X + (u 1 ) has degree 2, which contradicts the fact that δ ≥ 3. Then X + (u 1 ) = ∅. Furthermore, (4) also implies that every vertex u 2 ∈ N (u) − u 1 has one unique neighbor in X at distance µ − 1, that is |X − (u 2 )| = 1. Similarly, for the edge uu 2 we obtain that X + (u 2 ) = ∅, which implies X = (u 2 ) = ∅ because δ ≥ 3. Finally, taking a vertex u 2 ∈ X = (u 2 ), from (3) we conclude that every cycle passing through the vertices, u 2 , u 2 , u, u 1 and every vertex x ∈ N µ−1 (u 2 ) ∩ X must have length at most 2(µ − 1) + 4 ≤ g − 1 which is a contradiction.
To see this claim is true we reason by contradiction. Suppose that µ ≤ (g − 3)/2 − 1. From Claim 1, we know there is an edge uv such that d({u, v}, X) = µ. In this case X + (v) = X + (u) =
∅. Reasoning as in Claim 1 we have |N
because otherwise a cycle of length at most 2µ + 3 ≤ g − 2 exists. Therefore we have
Hence all the above inequalities become equalities, yielding
From (6) we know that every vertex z ∈ X = (v) ∪ X = (u) has a unique neighbor at distance Notice that X + (u) = X + (v) = ∅ and that the sets X = (u), X − (u), X = (v) and X − (v) are pairwise disjoint. We reason by contradiction supposing that any vertex u in C X satisfies Hence we find a cycle passing trough z , z, u, v of length 2(g −4) /2+3 = g −1, which is a contradiction. Therefore there exists a vertex u in C X such that |N (g−4)/2 (u)∩X| ≤ 1.
The following convention will be used to study the edge-connectivity. Let 
it follows that C must have triangles or squares which is a contradiction because g ≥ 5. Then |V (C)| = 2 and item (i) is proved.
(ii) By item (i) we know that C − X = ∅. First assume that V (C) \ X consists of isolated vertices at distance at least three.
It follows that X = (N (v) − u) ∪ N (u) and every vertex u ∈ N (u) − v is incident with one unique edge of [X, X] . Thus every vertex u ∈ N (u) − v must be adjacent with some vertex of X because δ ≥ 3. Hence X contains triangles or squares because X = (N (v) − u) ∪ N (u), which is a contradiction. Therefore we may assume that C − X contains at least two isolated vertices, say u and v, such that N (u) ⊂ X, N (v) ⊂ X and N (u) ∩ N (v) ∩ X = {x} because the girth g ≥ 5. Take the edge ux and notice that X − (u) = N (u) − x and v ∈ X + (x). Moreover, X − (u), X = (x) and N (X + (x)) ∩ X are pairwise disjoint, and
, which is a contradiction. This proves assertion (ii).
As a consequence of Proposition 2.2 and Lemma 3.1 we obtain the proof of our main theorem.
Proof of Theorem 2.1. Since δ ≥ 3 then G is different from K 1,n so that G is λ -connected. Moreover, g ≥ 5 because for g = 3, 4 the theorem is clear. Thus G is also κ -connected because of item (vii) of Theorem A.
be an arbitrary λ -cut with |V (C)| ≥ 3 and |V (C)| ≥ 3. By Lemma 3.1 we know that both C − X and C − X contain a connected component say H and H, respectively, of cardinality at least two. Hence both X and X are cut sets with |X|, |X| ≤ ξ(G). From Proposition 2.2 there exist two vertices u ∈ V (H) and Since d(v, u) = g − 3 we must have x 0 ∈ N (g−4)/2 (v) or x 0 ∈ N (g−2)/2 (v). As a consequence, the path from u to x 0 together with the path from v to x 0 and the edge uv form a cycle of length at most g − 1, which is a contradiction. Therefore assertion (i) holds.
(ii) From Theorem A it follows that G has κ 1 = κ = ξ(G), because by hypothesis diam(G) ≤ g − 4. Assume that G is non super-κ . Let X be an arbitrary κ -cut and consider two connected components C, C of G − X with |V (C)| ≥ 3 and |V (C)| ≥ 3. From Proposition 2.2 there exist two vertices u ∈ V (C) and u ∈ V (C) such that g −4 ≥ diam(G) ≥ d(u, u) ≥ d(u, X)+d(X, u) ≥ 2 (g − 3)/2 , which is a contradiction if g is odd, and for g even all the inequalities are equalities. This means that max{d(u, X) : u ∈ V (H)} = (g − 4)/2 and max{d(X, u) : u ∈ V (C)} = (g − 4)/2. Thus by Proposition 2.2, we can find u ∈ V (C) with d(u, X) = (g − 4)/2 such that N (g−4)/2 (u) ∩ X = {x 0 } for some x 0 ∈ X; and we can find u ∈ V (C) with d(u, X) = (g − 4)/2 such that N (g−4)/2 (u) ∩ X = {x 0 } for some x 0 ∈ X. As d(u, u) = g − 4, it follows that x 0 = x 0 . Clearly we can find a vertex v ∈ N (u) with d(v, X) = (g − 4)/2. Since d(v, u) = g − 4 we must have x 0 ∈ N (g−4)/2 (v). As a consequence, the path from u to x 0 together with the path from v to x 0 and the edge uv form a cycle of length at most g − 3, which is a contradiction. Therefore assertion (ii) holds.
